Abstract: In this paper concept of ε − chainability in topological spaces has been introduced using continuity. Several well known results prove perquisites to results established in the paper. In case of metric spaces the equivalence of ε − chainability and f unction − ε − chainability is also established in the paper.
Definition 1. (see [2] ) A map f from a metric space X into another metric space Y is said to be an ε − chain preserving map if and only if for every ε − chain between any two points in X there is an ε − chain between images of these two points under f in Y where ε > 0.
Definition 2. (see [2] ) A map f from a metric space X into another metric space Y is said to be an strongly ε − chain preserving map if and only if for every ε − chain x 0 , x 1 , . . . , x n between any two points x 0 and x n of X, f (x 0 ) , f (x 1 ) , . . . , f (x n ) is an ε − chain between f (x 0 ) and f (x n ) . Definition 3. (see [2] ) A map f from a metric space X into another metric space Y is said to be chain preserving if and only if f is ε − chain preserving for every ε > 0.
Definition 4. (see [2] ) A map f from a metric space X into another metric space Y is said to be strongly chain preserving if and only if f is strongly ε-chain preserving for every ε > 0.
Definition 5. A topological space (X, τ ) is said to be f unction − f − ε − chainable if for ε > 0 there exists a non-constant continuous function f : X → [0, ∞) such that for every pair of elements x, y of X, there is a sequence x = x 0 , x 1 , . . . , x n = y of elements in X with
Definition 6. Let (X, τ ) be a topological space and let there exist a nonconstant continuous function f : X → [0, ∞) such that X is function − f − ε -chainable for every ε > 0. Then X is said to be f unction − f − chainable. Definition 7. Let (X, τ ) be a topological space and A ⊂ X. Then A is said to be f unction
Definition 8. Let (X, τ ) be a topological space and A ⊂ X. Let there exist a non-constant continuous function f : A → [0, ∞) such that (A, τ A ) is function −f −ε-chainable for every ε > 0. Then A is said to be f unction−f −chainable.
Definition 9. A topological space (X, τ ) is said to be unif ormlyf unction− f − ε − chainable if for ε > 0 there exists a positive integer l ε (f ) and a nonconstant continuous function f : X → [0, ∞) such that for every pair of elements x, y of X there is a sequence x = x 0 , x 1 , . . . , x n = y in X with n ≤ l ε (f ) and |f (
Definition 10. Let (X, τ ) be a topological space and let there exist a non-constant continuous function f : X → [0, ∞) such that X is uniformly function −f − ε− chainable for every ε > 0. Then X is said to be uniformly function-f -chainable. Theorem 1. For every ε− chainable metric space (X, d) with non -constant metric d , there exist a non-negative real valued continuous function f on X such that X is function −f − ε− chainable. Moreover f is a strong ε− chain preserving function.
Let x, y ∈ X and consider an ε -chain x = x 0 , x 1 , . . . , x n = y between them. Now
Hence X is function -f − ε−chainable. Obviously, f is strong ε -chain preserving.
Corollary 1. For every chainable metric space (X, d) with non -constant metric d, there exist a non-negative real valued continuous function f on X such that X is function -f -chainable. Moreover f is a strong chain preserving function.
Theorem 2. Let (X, τ ) be a function -f -ε -chainable space and let f be one -to -one function from X to [0, ∞) . Then there exists a metric d on X such that (X, d) is ε -chainable space and the induced metric topology is coarser than τ .
Then as f is one -one, d is a metric on X. Let x, y ∈ X. Then there is a sequence of elements
or x and y are ε-chainable.
Let τ d be the induced topology by metric d.
Hence the result is proved.
Hence (X, τ ) is metrizable ε -chainable space.
Theorem 3. Let (X, τ ) be a topological space and f : X → [0, ∞) be continuous onto function then X is function −f -chainable.
Proof. Let x, x ′ ∈ X and ε > 0. Let n be the least positive integer greater than (|f (
Without loss of generality, let
. . .
Then there exists a sequence x, x 1 , x 2 , . . . , x n−1 , x n in X such that
or X is function-f -chainable.
Theorem 4. The relation of function -f -ε -chainability in a topological space is an equivalence relation.
Proof. Obvious.
Theorem 5. Let (X, τ ) be a topological space and A ⊂ X. If for every ε > 0 there exists a continuous function f :
Hence there exist a sequence of elements x ′ = x 1 , x 2 , . . . , x n−1 = y ′ in A such that
or there exist a sequence of elements x = x 0 , x ′ = x 1 , x 2 , . . . , x n−1 = y ′ , x n = y in A such that
Hence, we obtain the result.
Theorem 6. Let A be a dense subset of a topological space (X, τ ) and for every ε > 0 and let there exist a continuous function f :
Proof. Follows from Theorem 5. Proof. Let x, x ′ ∈ X. Then there is a sequence of elements f (x) = y 0 , y 1 , . . . , y n = f (x ′ ) in Y such that |g (y i ) − g (y i−1 )| < ε ; 1 ≤ i ≤ n, or there is a sequence of elements x = x 0 , x 1 , . . . , x n = x ′ in X such that
Hence X is function -gof -ε -chainable.
Or there is a sequence of elements
or Y is function -gof −1 -ε -chainable.
Proof. Follows from Theorems 7 and 8.
Proof. Follows from Problem 24, chap. 7 [5] and Theorem 8.
Proof. Follows from Problem 25, chap. 7 [5] and Theorem 9.
Theorem 12. Let X = A ∪ B where A and B are closed sets in X. Let A be function -f -ε -chainable and B be function -g -ε -chainable such that
Then X is function −h − ε-chainable where
Proof. By pasting lemma the function h :
Then X is function -h -ε -chainable follows directly from definition of h and function -f -ε -chainability of A and function -g -ε -chainability of B.
Theorem 13. Let (X, τ ) be a topological space and A, B ⊂ X such that A ∼ B and B ∼ A are separated sets and X = A ∪ B. Let for every ε>0 there exist a function f :
Proof. Now f A : A → [0, ∞) and f B : B → [0, ∞) are continuous functions. By Problem B, chap. 3 [4] , f is continuous on X.
Then by Theorem 12, X is function −f − ε-chainable.
Theorem 14. Let X be a compact space and Y be a Hausdorff space and
Proof. Now f is a homeomorphism by Corollary 2.4, Chap. 7 in [3] . The result then follows from Theorem 9.
Theorem 15. Let X be a topological space and {f n } be a sequence of continuous functions from X to [0, ∞) such that {f n } uniformly converges to a function f : X → [0, ∞). If X is function -f n -chainable for each n ∈ N then X is function -f -chainable.
Proof. Now f : X → [0, ∞) is continuous, by Theorem 4.4 in [3] . By uniform convergence; there is m ∈ N such that |f n (x) − f (x)| < ε for all x ∈ X and for all n ≥ m.
Let n ≥ m and let x, y ∈ X.
Then there is a sequence of elements x = x 0 , x 1 , . . . , x n = y such that
Theorem 16. Let X be a function -f -chainable metric space. Then f is a chain preserving map.
Proof. Now f : X → [0, ∞) is a continuous map where [0, ∞) is a chainable metric space with usual metric on it.By theorem 17 [2] , f is chain preserving.
Theorem 17. For every ε > 0, a normal space X is function -f − ε -chainable for some function f on X.
Proof. Choose two non -negative real numbers a and b such that b − a < ε. Let A and B be disjoint closed subsets of X. By Urysohns Lemma, there is a continuous function f : X → [a, b] where f (x) = a for all x ∈ A and f (x) = b for all x ∈ B.
Or |f (x) − f (y)| ≤ b − a < ε for all x, y ∈ X.
As f : X → [0, ∞) is continuous, X is f − ε -chainable.
Theorem 18. Let X be a compact uniformly function -f -chainable space for some positive real valued function f on X. Then there exists a positive real number e such that l e (f ) + 1 > f (x) f (y) for some x, y ∈ X.
